We discuss the techniques to extract the electromagnetic ∆ form factors in Lattice QCD. We evaluate these form factors using dynamical fermions with smallest pion mass of about 350 MeV. We pay particular attention to the extraction of the electric quadrupole form factor that signals a deformation of the ∆. The magnetic moment of the ∆ is extrapolated using a chiral effective field theory. Using the form factors we evaluate the transverse density distributions in the infinite momentum frame showing deformation in the ∆.
Introduction
Electromagnetic form factors probe the structure of hadrons, yielding information on their size, shape and magnetization. While the nucleon form factors and the N → ∆ transition form factors have been studied quite thoroughly both experimentally and on the lattice [1] , much less has been done for the ∆ form factors. Experiments are notoriously difficult due to the short mean life time of the ∆ of only about 6 × 10 −24 s. Nevertheless the magnetic moments of the ∆ + [2] and ∆ ++ [3, 4] have been measured. Lattice Quantum Chromodynamics (QCD) provides a well-defined framework to directly calculate the ∆ form factors from the fundamental theory of strong interactions. A primary motivation for this work is to understand the role of deformation in hadron structure. For hadrons a classical non-relativistic description is not adequate and the definition of shape has to be refined [5] . A suitable framework to discuss the shape of such systems is to define transverse charge distributions in the infinite momentum frame. Thus, a major achievement of this work is the development of lattice methods with sufficient precision to extract the electric quadrupole form factor and connect it in a rigorous manner to a well-defined charge density distribution so that the shape of the ∆ can be discussed. In order to evaluate the ∆ electromagnetic (e.m.) form factors to the required accuracy, we isolate the sub-dominant electric quadrupole form factor (FF) from the dominant electric and magnetic FFs. This is crucial since without the construction of an optimized source for the sequential propagator the electric quadrupole form factor can not be extracted to the desired precision. We note that this increases the computational cost since additional inversions are needed. These techniques were first tested in quenched QCD [6] . Here we present results in the quenched approximation, using two degenerate flavors (N F = 2) of Wilson fermions and in a mixed action approach where domain wall valence quarks on a staggered N F = 2 + 1 sea are used.
The transverse charge densities for a spin-3/2 particle
We define a quark charge density for a spin-3/2 particle, such as the ∆(1232), in a state of definite light-cone helicity λ , by the Fourier transform [7, 8] ,
in the Breit frame, where A λ λ (Q 2 ) are helicity amplitudes and Q 2 = −q 2 = (p f − p i ) 2 with p i and p f the initial and final momentum. The two independent quark charge densities for a spin-3/2 state of definite helicity are given by ρ ∆ (b). Note that for a point-like particle, the 'natural'
The above charge densities provide us with two combinations of the four independent ∆ FFs. To get information from the other FFs, we consider the charge densities in a spin-3/2 state with transverse spin. We denote this transverse polarization direction by S ⊥ = cos φ Sêx + sin φ Sêy , and the ∆ spin projection along the direction of S ⊥ by s ⊥ . We can define the charge densities in a spin-3/2 state with transverse spin s ⊥ as :
By expressing the transverse spin basis in terms of the helicity basis for spin-3/2 [8] . Choosing S ⊥ =ê x , the electric quadrupole moment can be defined as :
From Eqs. (2.3,2.4) one obtains :
We may note that for a spin-3/2 particle without internal structure, for which the tree-level predictions are G M1 (0) = 3e ∆ and G E2 (0) = −3e ∆ , the quadrupole moment of the transverse charge densities vanishes. It is thus interesting to observe from Eq. (2.6) that Q ∆ s ⊥ is only sensitive to the anomalous parts of the spin-3/2 magnetic dipole and electric quadrupole moments, and vanishes for a particle without internal structure. The same observation was made for the case of a spin-1 particle in Ref. [9] . Furthermore, the factor 1/2 multiplying the curly brackets on the right hand side of Eq. (2.6) can be understood by relating the quadrupole moment of a 3-dimensional charge distribution (which we denote by Q 3d ) to the quadrupole moment of a 2-dimensional charge distribution (denoted by Q 2d ) both defined w.r.t. the spin axis. By taking the spin axis along the x-axis, the quadrupole moment for a 3-dimensional charge distribution ρ 3d is defined as :
For a 3-dimensional charge distribution which is invariant under rotations around the axis of the spin, the two terms proportional to (x 2 − y 2 ) and (x 2 − z 2 ) in Eq. (2.7) give equal contributions yielding :
Introducing the 2-dimensional charge density in the xy-plane as : ρ 2d (x, y) = dz ρ 3d (x, y, z), one immediately obtains the relation Q 3d = 2 Q 2d , with the quadrupole moment of the 2-dimensional charge density defined as :
Because Q 3d is proportional to G E2 (0) in our case, we see that Q 2d , which is half the value of G E2 (0), is consistent with Eq. (2.6).
We can also evaluate the electric octupole moment corresponding to the transverse charge densities ρ ∆ T s ⊥ . Choosing S ⊥ =ê x , the electric octupole moment can be defined as :
(2.9)
We may note that for a spin-3/2 particle without internal structure, for which G M1 (0) = 3e ∆ , G E2 (0) = −3e ∆ , and G M3 (0) = −e ∆ [8] the electric octupole moment of the transverse charge densities vanishes.
Lattice Techniques
The matrix element of the electromagnetic current, V µ , between two ∆-states can be decomposed in terms of four independent covariant vertex function coefficients, a 1 (q 2 ), a 2 (q 2 ), c 1 (q 2 ) and c 2 (q 2 ), which depend only on the momentum transfer squared q 2 = (p f − p i ) 2 [10] :
E ∆ and m ∆ denote the energy and the mass of the particle, p i (p f ) and s i (s f ) are the initial (final) four-momentum and spin-projection, while 
, has the ∆ + quantum numbers where C is the charge conjugation matrix. To facilitate groundstate dominance a covariant Gaussian smearing [11] on the quark-fields entering χ ∆ + σ α (x) is used:
Here q is the local quark field (i.e. either u or d), q is the smeared quark field and U µ is the SU (3)-gauge field. For the lattice spacing and pion masses considered in this work, the values α = 4.0 and n = 50 ensure ground state dominance with the shortest time evolution that could be achieved.
Correlation functions
We specialize to a kinematical setup where the final ∆-state is at rest ( p f = 0) and measure the two-point and three-point functions
where V µ is the electromagnetic current, which for Wilson fermion is taken to be the symmetrized, lattice conserved current. We work with a representation of the Clifford-algebra in which γ 4 is diagonal. In this representation Γ k = 
with implicit summations over the indices k with k = 1, . . . , 3, becomes time independent for large Euclidean time separations t f − t and t − t i :
The traces act in spinor-space and the Euclidean Schwinger-Rarita spin sum is given by
Since we are evaluating the correlator of Eq. (3.3) using sequential inversions through the sink [12] , a separate set of inversions is necessary for every choice of vector and Dirac-indices. The total of 256 combinations is beyond our computational resources, and hence we concentrate on a few carefully chosen combinations given by
(3.7) From these all the multipole form factors can be optimally extracted. For instance the first relation in Eq. (3.7) is proportional to G M1 , while the third isolates G E2 for µ = 4.
Data analysis
For a given value of q 2 the combinations given in Eqs. (3.7) are evaluated for all different directions of q resulting in the same q 2 , as well as for all four directions µ of the current. This leads to an over-constrained linear system of equations, which is then solved in the least-squares sense yielding estimates of G E0 , G E2 , G M1 and G M3 . The estimates are embedded into a jackknife binning procedure, thus providing statistical errors for the form factors that take all correlation and autocorrelation effects into account.
The details of the simulations are summarized in Table 1 . In each case, the separation between the final and initial time is t f − t i 1 fm and Gaussian smearing is applied to both source and sink to suppress contamination from higher states having the quantum numbers of the ∆(1232). For the mixed-action calculation, the domain-wall valence quark mass was chosen to reproduce the lightest pion mass obtained using N F = 2 + 1 improved staggered quarks [13, 14] . 
Results
In The magnetic moment as function of m 2 π is shown in Fig. 4 , together with a comparison to a chiral effective field theory (ChEFT) result [17] . The ChEFT result has one free parameter (a low-energy constant) that has been fitted to lattice data, shown by the central line. We also estimate the uncertainty of the ChEFT expansion (expansion in pion mass) by the error band in Fig. 4 . The uncertainty of the ChEFT calculation vanishes in the chiral limit because in this limit one simply has the value of the low-energy constant (LEC), which lies within the broad experimental error band µ ∆ + = 2.7 [2] . In this work, we do not consider the uncertainty in the fit value of the LEC due to the lattice errors, as the calculations are still performed for pion masses where the ∆ is stable (on the right side of the kink). A calculation for pion mass values where the ∆ becomes unstable will be a challenge for future calculations. The ∆ moments using an approach similar to ours are calculated only in the quenched approximation [18, 19, 20] . Our magnetic moment results agree with recent background field calculations using dynamical improved Wilson fermions [21] . The spatial length L s of our lattices satisfies L s m π > 4 in all cases except at the lightest pion mass with N F = 2 Wilson fermions, for which L s m π = 3.6. For that point, the magnetic moment falls slightly below the error band, consistent with the fact shown in Ref. [21] that finite volume effects decrease the magnetic moment. In Fig. 5 , the transverse densities of Eqs. (2.3,2.4) are compared for a ∆ + which has a transverse spin. It is seen that the quark charge density in a ∆ + in a state of transverse spin projection s ⊥ = +3/2 is elongated along the axis of the spin (prolate deformation) whereas in a state of transverse spin projection s ⊥ = +1/2 it is elongated along the axis perpendicular to the spin. In Fig. 6 the dipole, quadrupole and octupole field patterns for the ∆ transverse densities are clearly seen.
Conclusions
We have presented a study of the electromagnetic properties of the ∆(1232)-resonance using lattice QCD. The lattice results for the ∆ electromagnetic form factors have been shown here down to approximately 350 MeV for three cases: quenched QCD, two flavors of dynamical Wilson quarks, and three flavors of quarks described by a mixed action combining domain wall valence quarks and staggered sea quarks.
We have also worked out the formalism which allows to interpret these results in terms of the quark charge densities. More specifically, we have established the relation between the lightfront helicity amplitudes and form factors for the case of electromagnetic interaction of a spin-3/2 particle, which allowed us to obtain the quark transverse charge densities of the ∆ using lattice results for the form factors.
The light-front formalism allows for a consistent relation between the internal structure of the particle and its shape. Our lattice results show that the quark charge density in the ∆ + is elongated along the axis of the spin.
